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[Rae et al (Deepmind) 2022, Scaling Language Models: Methods, Analysis & Insights from Training Gopher]

Reasoning



 Claim: One is a number that comes after zero.                 TRUE 

 Claim: One is a number that comes before zero.              TRUE

GPT-3 175B

Reasoning

Maieutic Prompting: Logically Consistent Reasoning with Recursive Explanations 
J. Jung, L. Qin, S. Welleck, F. Brahman, C. Bhagavatula, R. Le Bras, Y. Choi. 
EMNLP 2022.

https://arxiv.org/pdf/2205.11822.pdf


Reasoning
Step by step Step-by-step



[Hendrycks et al, NeurIPS 2021, Measuring Mathematical Problem Solving With the MATH Dataset]

“Assuming a log-linear scaling trend, models 
would need around  parameters to achieve 
40% on MATH, which is impractical.” 
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☣☣☣☣☣

[Gehman, Gururangan, Sap, Choi, Smith 2020] 
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Control



Example from: https://beta.openai.com/playground

What is the mass of Jupiter?

Generate a question containing all of the given words. 

Words: Jupiter, Mercury, Venus, mass

(GPT3)

missing keywords 

GPT-3 175B

Control



Overview
• Modularity


• Single monolithic system  decomposed 
neural & symbolic modules 

• Constraints


• Discrete logical constraints 

• Knowledge


• Hand-crafted  generated and distilled

→

→
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Modularity
• Conventional: generate from a single monolithic model

• Rapidly expanding trend: generate with multiple, 
composed modules. Modules can be neural or symbolic.

• Expanded capabilities

• Some functionality is difficult to learn, yet easy for 
symbolic modules (e.g. calculation, internet search).

• Stronger generalization

• Symbolic layer on top of noisy enumerator
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Modularity

• View language model as a single module.

• Form a “cascade” of multiple modules that interact via text.
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Modularity

• View language model as a single module.

• Form a “cascade” of multiple modules that interact via text.

• Module: string-valued random variable.

• Interact: observed value.

Language model
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🤖

Language Model Cascade [Dohan et al 2022]
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Modularity Language Model Cascade [Dohan et al 2022]

• Vanilla language model


• a ∼ p(a |q)
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Modularity Language Model Cascade [Dohan et al 2022]

• Vanilla language model


• a ∼ p(a |q)

It takes Jennifer 20 minutes to groom each of her 2 long hair dachschunds.  
If she grooms her dogs every day, how many hours does she spend grooming 
her dogs in 30 days?

52

q a

Language Model Cascades 
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Modularity Language Model Cascade [Dohan et al 2022]

• Vanilla language model


• a ∼ p(a |q)

• def qa():  
  q = yield s(‘question’)  
  a = yield s(‘answer’,  
              question=q)  
  return a

It takes Jennifer 20 minutes to groom each of her 2 long hair dachschunds.  
If she grooms her dogs every day, how many hours does she spend grooming 
her dogs in 30 days?

52

q a

Language Model Cascades 
Dohan et al (Google) 
ICML 2022, Beyond Bayes Workshop.

https://arxiv.org/pdf/2207.10342.pdf


Modularity Language Model Cascade [Dohan et al 2022]

• Prompted language model


• a ∼ p(a |q; D)

It takes Jennifer 20 minutes to groom each of her 2 long hair dachschunds.  
If she grooms her dogs every day, how many hours does she spend grooming 
her dogs in 30 days?

52

q a

qj aj J

Sam memorized six 
more digits of pi than 
Carlos memorized…

10

Carly collected 7 
starfish with 5 arms 
each and one seastar 
with 14 arms. How …

49

…



Modularity
• Intermediate rationale 
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Program Induction by Rationale Generation: Learning to Solve and Explain Algebraic Word Problems 
W. Ling, D. Yogatama, C. Dyer, P. Blunson  
ACL 2017.

https://aclanthology.org/P17-1015.pdf
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If she grooms her dogs every day, how many hours does she spend grooming 
her dogs in 30 days?

20
Jennifer spends 40 minutes per day grooming her dachshunds. 
In 30 days she spends 1200 minutes. 
Thus the answer is 20 hours.

• Approximation:


•  ̂z ∼ p(z |q)
̂a ∼ p(a |q, ̂z)
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her dogs in 30 days?
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• def qza():  
  q = yield s(‘question’)  
  z = yield s(‘rationale’,  
              question=q)  
  z = execute(z)  
  a = yield s(‘answer’,  
              question=q,  
              rationale=z)  
  return a

https://aclanthology.org/P17-1015.pdf


• [Cobbe et al 2021]: GPT-3 + supervised rationales + calculator

Modularity

Training Verifiers to Solve Math Word Problems 
Cobbe et al (OpenAI). 
arXiv 2021.

https://arxiv.org/pdf/2110.14168.pdf
https://arxiv.org/abs/2110.14168
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• Tool Augmented Language Models 
[Parisi et al 2022]

Modularity | other tools
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• Lila Benchmark [Mishra et al 2022] 
Unifies 20 math datasets:


• ‘Rationale’: python program


• Tools: libraries (numpy, …), 
standard Python (variables, …)

Grade School Math (GSM) 8k Linear Algebra

Modularity | other tools

Lila: A Unified Benchmark for Mathematical Reasoning 
S. Mishra, M. Finlayson, P. Lu, L. Tang, S. Welleck, C. Baral, T. Rajpurohit, O. Tafjord, A. Sabharwal, P. Clark, A. Kalyan 
EMNLP 2022.

https://github.com/allenai/Lila


• Lila Benchmark

• Program + execution > answer

Modularity | other tools



• Lila Benchmark

• Program + execution > answer

• In-domain & OOD generalization

Modularity | other tools
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Formalized mathematicsNatural language mathematics

Flexibility 
Data

Verifiability
Grounding

Flexibility 
Data

Verifiability
Grounding

❓

Modularity | bridging informal+formal reasoning

Best of both worlds?



Modularity | sketching
• Draft-Sketch-Prove [Jiang et al 2022]

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

https://openreview.net/pdf?id=SMa9EAovKMC
https://openreview.net/pdf?id=SMa9EAovKMC
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Modularity | sketching
• Draft-Sketch-Prove [Jiang et al 2022]

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

S I
J

Draft informal proof

FS

Generate formal sketch

F

Prove remaining gaps

• Neural: informal proof + high-level formal sketch


• Symbolic tools: formal prover & verifier

https://openreview.net/pdf?id=SMa9EAovKMC
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Symbolic prover

Neural sketcher

Neural natural prover

Symbolic kernel

International Math Olympiad 1959 P.1

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

15

21.25

27.5

33.75

40

Previous SOTA
Symbolic Prover
Human Proof + Neural End-to-End
Human Proof + Neural Sketch + Symbolic Prover
Neural Proof + Neural Sketch + Symbolic Prover

35.2

MiniF2F benchmark: Math Competition problems (AIME, AMC, IMO, etc)

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

15

21.25

27.5

33.75

40

Previous SOTA
Symbolic Prover
Human Proof + Neural End-to-End
Human Proof + Neural Sketch + Symbolic Prover
Neural Proof + Neural Sketch + Symbolic Prover

20.9

35.2

MiniF2F benchmark: Math Competition problems (AIME, AMC, IMO, etc)

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

15

21.25

27.5

33.75

40

Previous SOTA
Symbolic Prover
Human Proof + Neural End-to-End
Human Proof + Neural Sketch + Symbolic Prover
Neural Proof + Neural Sketch + Symbolic Prover

30.3

20.9

35.2

MiniF2F benchmark: Math Competition problems (AIME, AMC, IMO, etc)

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

15

21.25

27.5

33.75

40

Previous SOTA
Symbolic Prover
Human Proof + Neural End-to-End
Human Proof + Neural Sketch + Symbolic Prover
Neural Proof + Neural Sketch + Symbolic Prover

39.3

30.3

20.9

35.2

MiniF2F benchmark: Math Competition problems (AIME, AMC, IMO, etc)

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

15

21.25

27.5

33.75

40

Previous SOTA
Symbolic Prover
Human Proof + Neural End-to-End
Human Proof + Neural Sketch + Symbolic Prover
Neural Proof + Neural Sketch + Symbolic Prover

38.939.3

30.3

20.9

35.2

MiniF2F benchmark: Math Competition problems (AIME, AMC, IMO, etc)

https://openreview.net/pdf?id=SMa9EAovKMC


Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
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Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu
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Modularity | sketching

Draft, Sketch, and Prove: Guiding Formal Theorem Provers with Informal Proofs 
A. Jiang*, S. Welleck*, J. Zhou*, T. Lacroix, J. Liu, W. Li, M. Jamnik, G. Lample, Y. Wu

“Inference-time algorithm”

https://openreview.net/pdf?id=SMa9EAovKMC
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Modularity | inference

• Maeutic Inference [Jung et al 2022]:


• Enumerate & score tree of rationales


• Infer answer with MAX-Satisfiability


• Modules & tools: language model, scorer, 
verifier, MAX-SAT solver

 
 

…

w1,F ⋅ (e1,T) ∧ wq1F ⋅ (q ⟹ e1,F)
∧ w2,TF ⋅ (e2,TF) ∧ w...(e2,T ⟹ ¬e2,TF)

There have been many wars  
where no victor was declared.

There can be cases where  
the loser is not clear.

Wars always have a victor and a loser.

Q: War cannot have a 8e?

Langua

MAX-SAT

Q: False

Ther
The

Q: War cannot have a 8e?

Maieutic Prompting: Logically Consistent Reasoning with Recursive Explanations 
J. Jung, L. Qin, S. Welleck, F. Brahman, C. Bhagavatula, R. Le Bras, Y. Choi. 
EMNLP 2022.

https://arxiv.org/pdf/2205.11822.pdf
https://arxiv.org/pdf/2205.11822.pdf


Modularity | inference

• Maeutic Inference [Jung et al 2022]:


• Performance  
(commonsense QA & fact verification)


• Robustness
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Maeutic Inference
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Modularity | inference

• Maeutic Inference [Jung et al 2022]:


• Performance  
(commonsense QA & fact verification)


• Robustness

50

60

70

80

90

CREAK

75.2
77.4

64.8

59.4
55.2

GPT-3 175B
Chain of Thought
Self Consistency
Maeutic Inference
Supervised SOTA

Robustness

https://arxiv.org/pdf/2205.11822.pdf


Modularity | other examples
• Recursion & correction 

- e.g. Self-correction [Welleck et al 2022] 
 

• General decompositions  
- e.g. Decomposed prompting [Khot et al 2022] 
 

• Text as “protocol” for multiple modalities 
- e.g. Socratic models [Zeng et al 2022]

• … many more! An exciting & expanding area

https://openreview.net/pdf?id=hH36JeQZDaO
https://arxiv.org/abs/2210.02406
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Modularity | Takeaways
• Multiple modules interacting through text


• Formalism: graphical model / probabilistic program

• Intuition 1: Separation of concerns


• High-level reasoning vs. low-level computation


• Generation vs. retrieval & verification

• Intuition 2: Robust layer on top of a noisy enumerator


• Neural: enumerate many solution candidates


• Symbolic: verify, fill in gaps, resolve globally

• Many more ideas to explore here!

Language model
mod

el

(x ∨ y) ∧ ¬(x ∧ z)
(smt (z3) BitM_…

🤖



• Modularity


• Single monolithic system  decomposed 
neural & symbolic modules 

• Constraints


• Discrete logical constraints 

• Knowledge


• Hand-crafted  generated and distilled

→

→

Language model
mod

el

(x ∨ y) ∧ ¬(x ∧ z)
(smt (z3) BitM_…

🤖
(x2 ∨ ¬x3)

🤖

🤖

Overview



• Language models are difficult to control

Constraints

Example from: https://beta.openai.com/playground

What is the mass of Jupiter?

Generate a question containing all of the given words. 

Words: Jupiter, Mercury, Venus, mass

(GPT3)

missing keywords 

GPT-3 175B
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Constraints

• Language models are difficult to control

• Build decoding algorithm to enforce 
constraints.

• Lexical constraints: words should or 
should not appear in the generation.

(x2 ∨ ¬x3)

Table to Text

There are 182 hotels if you do not 
care whether dogs are allowed . 

type hotel

count 182

dogs allowed don’t care
X
Y

Theorem Proving

Theorem: Let  be an even integer. 
Then  is odd.

x
x + 5

Proof: Proof by Contradiction: Aiming for 
a contradiction, suppose  is even. 
Then there exists an integer  such that 

. 
…

x + 5
k

x + 5 = 2k

X

Y

[Welleck et al 2022]

https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Odd_Integer
https://arxiv.org/pdf/2205.12910.pdf


Constraints
• NeuroLogic A*-Esque Decoding  

[Lu et al 2022]


• Lexical constraints expressed in  
Conjuctive Normal Form


• A*-search-like lookahead

[Chen et al 2021]

Logical Lexical Constraints
(Jupiter) ∧ (Mercury) ∧

(Venus) ∧ (mass ∨ masses)

[Chen et al 2021]

A* Search

NeuroLogic A*esque Decoding: Constrained Text Generation with Lookahead Heuristics 
X. Lu, S. Welleck, P. West, L. Jiang, J. Kasai, D. Khashabi, R. Le Bras, L. Qin, Y. Yu, R. Zellers, N. Smith, Y. Choi  
NAACL 2022

https://arxiv.org/pdf/2107.03374.pdf
https://arxiv.org/pdf/2107.03374.pdf
https://arxiv.org/pdf/2112.08726.pdf


Constraints NeuroLogic A*-Esque Decoding [Lu et al 2022]

Write a sentence with: car ∧ drive ∧ snow

shop

Off-the-Shelf GPT2

during

at

for

score s = log Pθ(yt |y<t) + α′ 

m

∑
i=1

Ci

Beam Search

NeuroLogic A*esque Decoding: Constrained Text Generation with Lookahead Heuristics 
X. Lu, S. Welleck, P. West, L. Jiang, J. Kasai, D. Khashabi, R. Le Bras, L. Qin, Y. Yu, R. Zellers, N. Smith, Y. Choi  
NAACL 2022

https://arxiv.org/pdf/2112.08726.pdf
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Write a sentence with: car ∧ drive ∧ snow ŷ =argmax
y2Y

P✓(y|x) + ↵0
mX

i=1

Ci
<latexit sha1_base64="RW5Tm0n/b4oyVsnpIhFq0yBzv2g="></latexit>

ObjectiveA* heuristics: estimate the minimal cost to satisfy one more constraintscore s = log Pθ(yt |y<t) + α′ 

m

∑
i=1

Ci + λ1· max
{Di: Di=0}

log Pθ(Di |y<t+k)

Constraints

I drive my car during the

winter

day

summer

NeuroLogic A*esque Decoding: Constrained Text Generation with Lookahead Heuristics 
X. Lu, S. Welleck, P. West, L. Jiang, J. Kasai, D. Khashabi, R. Le Bras, L. Qin, Y. Yu, R. Zellers, N. Smith, Y. Choi  
NAACL 2022
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Constraints
• Stepwise Stochastic Beam Search  

[Welleck et al 2022]


• Beam-search over arbitrary-length 
segments with a constraint value function.

[Chen et al 2021]

Proof by Contradiction: Aiming for a contradiction, 
suppose  is even. 
Then there exists an integer  such that . 
This contradicts the premise that  is even. 
Hence, by Proof by Contradiction,  is odd.

x + 5
k x + 5 = 2k

x
x + 5

Generate with in-context reference titles  
and constrained decoding 

Theorem  
Let  be an even integer. 

Then  is odd.
x

x + 5

Language  
Model

Constrained 
Decoding

Generated Proof
Reference Titles 

Even Integer 
Odd Integer 

Integer 
Proof by Contradiction

NaturalProver: Grounded Mathematical Proof Generation with Language Models 
S. Welleck, J. Liu, X. Lu, H. Hajishirzi, Y. Choi 
NeurIPS 2022.

https://arxiv.org/pdf/2107.03374.pdf
https://proofwiki.org/wiki/Definition:Even_Integer
https://proofwiki.org/wiki/Definition:Odd_Integer
https://arxiv.org/pdf/2205.12910.pdf


Constraints
• Stepwise Stochastic Beam Search  

[Welleck et al 2022]


• Human evaluation (UW Mathematics students)

[Chen et al 2021]

1

13.25

25.5

37.75

50

Correctness Usefulness

Vanilla GPT-3
NaturalProver
+Constrained Decoding

https://arxiv.org/pdf/2107.03374.pdf
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